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Spin-wave theory of exchange-induced anisotropy
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It is shown that exchange interactions of spins across the boundary between ferromagnetic and antiferro-
magnetic layers can cause a shift in the observed hysteresis loop of the ferromagnetic layer. The effect may be
interpreted as a self-energy shift of each ferromagnetic spin due to emission and reabsorption of virtual
antiferromagnetic spin waves. Emission of these waves by one ferromagnetic spin and reabsorption by another
also results in an extra exchange coupling among the ferromagnetic spins, but this is not calculated here in
detail. A crucial test of the effectiveness of this mechanism as compared with others that have been proposed
would be the observation of a reversal of the loop shift upon reversal of the magnetization of the ferromagnetic
layer. However, the reversal time could be very long, and is estimated here.@S0163-1829~98!06126-8#
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I. INTRODUCTION

When ferromagnetic films are deposited on an antifer
magnetic substrate under certain conditions, a shift in
hysteresis loop of the ferromagnetic film is observed so
it is no longer centered on zero applied field.1 The effect, first
observed over thirty years ago,2 has elicited several alterna
tive theoretical explanations.3–5 The most recent of these6,7 is
based on a classical micromagnetic calculation, which
least for certain relative alignments of the ferromagnetic a
antiferromagnetic spins, can account for the effect. In t
paper we note a further possible explanation based on q
tum aspects of the distortion induced in the antiferromag
spin system by its exchange coupling to the ferromagn
spins across the interface. In turn, this distortion acts back
the ferromagnetic spins, resulting in an energy shift that,
spins greater than one-half, has the same form as a Zee
energy, plus an extra anisotropy. The extra Zeeman fiel
responsible for the shift of the hysteresis loop, and its m
nitude is in fair agreement with observation. The polarity
the extra Zeeman field is set by the orientation of the unp
turbed ferromagnetic spin system; therefore its pola
should reverse upon reversal of the magnetization of
film. This would provide a crucial test of the theory. In Se
IV the reversal process is discussed, and it is shown tha
time dependence obeys a power rather than an expone
law, and the time scale for the reversal may be quite lon

II. THE MODEL

The spin arrangement on the antiferromagnetic side of
interface is assumed to be fully compensated;8–11 thus in a
plane normal to the interface the nominal spin configurat
would appear as in Fig. 1. The Curie temperature of
ferromagnetic layer is assumed to be very much higher t
the Néel temperature of the antiferromagnet. Then it is re
sonable to suppose that the spin orientations in the ferrom
net are more robust than those of the antiferromagnet so
deviations of the true ground state from the nominal st
PRB 580163-1829/98/58~1!/258~7!/$15.00
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shown in Fig. 1 are confined to the antiferromagnetic lay
In fact, the theory presented here is somewhat analogou
the Born-Oppenheimer theory12 of electrons among ions: th
spins of the ferromagnet play the role of the~initially fixed!
ions, and the spins of the antiferromagnet play the role of
much more mobile electrons. The ground-state energy of
electrons depends parametrically on the assumed ionic p
tions, and at the next stage of the calculation, the quan
mechanics of the ions is governed by that energy surfa
Analogously, here we calculate the distortion field of t
antiferromagnetic layer assuming the ferromagnetic spin
be classical objects, and at the next stage consider the e
of the distortion on the dynamics of the latter.

Both spin systems are described by Heisenberg Ham
nians. The exchange and anisotropy constants in these
assumed to be the same near and at the interface, as i
respective bulk media.

FIG. 1. Interface between the ferromagnetic and fully comp
sated antiferromagnetic layer modeled in the text.
258 © 1998 The American Physical Society
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III. THE HAMILTONIAN IN HOLSTEIN-PRIMAKOFF
„HP… APPROXIMATION

The exact Hamiltonian is

H5HF1HAF1Hc1Han

[2( JFSi•Sj1( JAFsi•sj1( JcSisj1( A~si !.

~1!

Upper and lower caseS’s, respectively, refer to ferromag
netic ~F! and antiferromagnetic~AF! spins. The first two
terms are obvious. The last term denotes the anisotropy
ergy in the AF layer andHc is the coupling energy of the F
and AF spins across the interface. The sign ofJc does not
affect the results reported here. Note, however, that the s
of the terms in the third sum will alternate in the nomin
~Néel! state, and will look different when deviations from th
nominal state are taken into account. This is evident in
limit of large s, in which the HP transformation13

si
z5s2ai* ai , si

25ai* A2s,

si
15aiA2s ~ i an up-spin site!

si
z52s1ai* ai , si

25aiA2s,

si
15ai* A2s ~ i a down-spin site!

is exact.~In the limit of large uniaxial anisotropy it is als
exact for a different reason: the spins then cannot dev
from their Néel state orientations sufficiently to invalida
the HP transformation.! For small spins and small anisotrop
the results derived here hold only in second-order pertu
tion theory. Thea* , a, respectively, create and destroy sp
excitations of up spins, and do the opposite to down sp
They connect the nominal Ne´el state~or, for that matter, the
exact ground state! to virtual excited states of the antiferro
magnet. The F spins evidently act as sources of these e
tations: they emit them, but also reabsorb them, resulting
self-energy of each F spin~as well as a relatively small ad
ditional exchange interaction between F spins!. Part of the
self-energy has the form of Zeeman energy in a magn
field whose numerical value is within an order of magnitu
of the observed loop shift.

For discussing problems in the extended antiferromag
the ai* ,ai operators are conveniently expanded in a Fou
series, with coefficientsak* ,ak , defined by

ak5
1

AN
(

i
aie

ik•r i, ai5
1

AN
(

k
ake

2 ik•r i. ~2!

For the semi-infinite medium, a small complication is that
the direction normal to the surface, the exponentials in
series must be replaced by combinations of sines and
sines. There may also be bound surface states. These
plications are neglected here. Further, the exact ground
of HAF is not the vacuum of theak operators, but of certain
operatorsbk , in terms of which
n-

ns
l

e

te

a-

s.

ci-
a

ic

t,
r

e
o-
m-
te

ak5coshukbk1sinh ukb2k* ,

ak* 5coshukbk* 1sinh ukb2k, ~3!

where

tanh 2uk522gk , gk5
1

Z (
NN

eik•d.

The excitation energies are

~\vk!
25CJAF

2 k21D2

for low wave numbers.C is a constant incorporating th
nearest-neighbor structure, andD2 is a function of exchange
and anisotropy energies~for the simple case of uniaxial an
isotropy it is a linear sum of the square of the anisotropy a
the product of exchange constant and anisotropy!. The sum
extends over nearest neighbors~NN!, andd are the nearest
neighbor distances. The need to introduce theb operators
arises from the fact that, besides terms such asai* ai in HAF ,
there are also terms such asaa and ai* ai* . These are re-
moved by the transformation@Eq. ~3!# to the new operators
in terms of which

HAF5(
k

\vkbk* bk1const.

In the present limit of large spin or large anisotropy, t
resulting correction to the Ne´el ground state may be viewe
as a zero-point motion of the spins, which slightly dimi
ishes theirz components. The effect of interest here is n
much changed by that zero-point motion, Therefore, exc
in the crucial coupling terms of the AF and F spins at t
interface, we shall for now ignore the difference between
a andb operators.~The difference is fully taken into accoun
in Appendix B, which is concerned with the distortion of th
ground-state AF spin distribution arising from coupling
the F layer.! In terms of thea’s, the interaction looks differ-
ent according to whether the AF neighbor of an F spin is
or down in the Ne´el state~see Fig. 1!. So if we denote bySu
theuth F spin that has an AF up-spin neighbor, and bySd the
dth F spin that has an AF down-spin neighbor, then the
teraction can be written

JcS (
u,d

$Su
z~s2au* au!1A2s@Su

1au* 1Su
2au#2Sd

z~s2ad* ad!

1A2s@Sd
1ad1Sd

2ad* #% D . ~4!

Of course, bothSu andSd point in thesamedirection taken
to be the up direction in Fig. 1, and they are equal in m
nitude. In the ground state, the bracketss2au* au and s
2ad* ad have the same values~diminished by zero-point mo-
tion!. Therefore in the ground state, the first and third te
cancel. However, in higher order, they change the excita
energies slightly~by a surface-to-volume ratio of the AF
film!, and also induce a small anisotropy in the ferromagn
We neglect these terms hereafter. The second and fo
‘‘transverse’’ terms in Eq.~4! have more important effects
In terms of theb operators, the transverse part of the Ham
tonian is
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H tr C5A2s

N (
k

~pkbk1pk* b2k* !, ~5!

where

pk5(
u

~Su
1sinh uke

2 iku1Su
2coshuke

iku!

1(
d

~Sd
1coshuke

ikd1Sd
2sinh uke

2 ikd!. ~6!

If the F spins are treated classically, this interaction may
viewed as shifting the origin of the harmonic oscillators d
scribed by theb’s. This means that the vacuum of the syste
is no longer the vacuum of theb’s. Instead, it is a vacuum o
new harmonic oscillators with operatorsck* ,ck , given by

bk5ck1rk,

where therk are determined from the condition that the to
Hamiltonian, expressed in terms of thec’s, should no longer
contain terms linear in thec’s. Under this shift, the bulk par
of the AF Hamiltonian becomes

(
k

vkbk* bk⇒(
k

vkck* ck1vk~ck* rk1ckrk* !1vkrk* rk

~7!

while the transverse interaction part becomes

H trans⇒J0A2s

N H(
k

pkck* 1pk* ck1(
k

pkrk* 1pk* rkJ .

~8!

Equating to zero the coefficients of thec’s in the sum of bulk
and transverse Hamiltonians, we find

rk52J0A2s

N

pk

vk

and then the vacuum state of thec’s has an energy equal t

Evac52
2s

N
Jc

2(
k

pk* pk

vk
. ~9!

Although up to this point the F spins were treated asc num-
bers, we have taken care to preserve the order in which
appear in products of thepk’s. When the definition of thep’s
from Eq. ~6! are substituted in Eq.~9!, and only the self-
interaction terms of the F spins are kept, the result is

2
2sJc

2

N (
k

1

vk
H S (

u
~Su

1Su
2cosh2uk1Su

2Su
1sinh2uk! D

1S (
d

~Sd
1Sd

2sinh2uk1Sd
2Sd

1cosh2uk! D J . ~10!

At this point, we restore the operator aspects of the F sp
and use the relations

Su
1Su

252@S~S11!2~Su
z!21Su

z#,

Su
2Su

152@S~S11!2~Su
z!22Su

z#. ~11!
e
-

l

ey

s,

Combined with Eq.~10!, this shows that, in the ground sta
of the ferromagnet~for which S2S1 is zero!, an effective
Zeemann field

gmBHeff5
2sJc

2

N (
k

cosh2uk

vk
'

2sJc
2

JAFN
~12!

acts on the F spins opposite up AF spins, and a similar fi
but with the cosh’s replaced by sinh’s act on F spins oppo
to down AF spins.~There remains an ambiguity with regar
to apportionment of this energy between the gyromagn
ratio and the effective field.! If the F spins are greater tha
one-half, there is also an effective uniaxial anisotropy ene
of a similar amount arising from the (Su

z)2 term, but we shall
not examine it further here, since it does not give a unidir
tional shift. The above calculation has been carried ou
zero absolute temperature, but the temperature depend
must be very weak, except in a range of temperatures
which magnon-magnon scattering is significant, i.e., withi
certain neighborhood of the Ne´el point.

So far, we have considered the self-energy of the supe
cial F spins only, which in itself would give a quite negl
gible loop shift. However, the effect spreads into the inter
of the F layer. The reason is that the state with one F s
flipped in the emission process of the virtual AF spin wave
not an eigenstate of the F Hamiltonian. The correction to t
state admixes flipped spins in the interior, for a certain d
tance. This distance is easily calculated in spin-wave
proximation. It is equal to the lattice spacing times the squ
root of the ratio of exchange energy to anisotropy ener
and might be of the order of a thousand Angstroms. T
reverse process also penetrates in this manner so tha
S1S2 occurs in that entire penetration distance.

IV. REVERSAL TIME

The only preferred direction in this problem is that of th
ferromagnetic alignment. Therefore reversing the ferrom
netic lineup should reverse the exchange induced shift, o
the system is allowed to come to equilibrium. Experime
tally it does not reverse, at least not on the time scale of
experiments to date.

One possibility is that the field in which the system
cooled belowTN freezes in a preferred direction. In fac
mean-field theory shows that cooling in a field leads to
small net magnetization of the AF lattice. If this is unaffect
by reversal of the F layer well belowTN , this could in prin-
ciple break the symmetry. The difficulty with this explan
tion is that the small induced magnetization corresponds
field of only Happlied3(Happlied/Hexchange), and for aTN of
60 °K, an applied field of 1 kOe would make this numb
only about 20 Oe. Furthermore, in mean-field theory, t
already small amount steadily decreases to zero asT→0.
Thus the cooling field would have to do something mo
drastic that is not understood at present.

Conceivably the time needed for reversal of the excha
shift is longer than observation times used in experiment
date. Therefore we estimate the time needed by the syste
adjust to a reversal of the ferromagnetic layer. We start w
the ground state of the system in the presence of the s
and use the HP approximation. We had found that the gro
state is the vacuum of the operators
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ck5bk2rk . ~13!

We proceed by writing down this ground state as a supe
sition of eigenstates of the occupation numbers of thek
states. Then we imagine the F layer suddenly remove
time t50 ~sudden approximation!. Reversing the layer
makes the problem more complicated without introducin
significantly different time scale~certainly not a shorter one!.
The resulting new wave function must be continuous w
the old one at time 0. Since the states in the expansion o
old state are, in fact, eigenstates ofbk* bk , which are eigen-
states of the new Hamiltonian with the F layer removed,
further time development is determined by appending
appropriate time factorseitvk to the states in the series e
pansion of the old ground state. Using Eq.~13!, and the
recursion relations implied by it, one finds

uold&5)
k

(
nk

rk
nk

Ank!
unk&

5 (
nk1

,nk2
,nk3

,...

r
k1

nk1r
k2

nk2r
k3

nk3 ...

Ank1
!nk2

!nk3
! •••

unk1
,nk2

,nk3 ...&.

~14!

If now the F layer is switched off, at timet50, this state will
evolve to

(
nk1

,nk2
,nk3

,...

r
k1

nk1r
k2

nk2r
k3

nk3 ...

Ank1
!nk2

!nk3
!...

3exp@ i t ~nk1
vk1

1nk2
vk2

1nk3
vk3

...!#unk1
,nk2

,nk3 •••&

~15!

at time t. Becauseun&5((b* )n/An! ) uvac&, this result is
more simply written

ut&5expF(
k

rke
ivktbk* G uvac&. ~16!

To see how, for example, the spin deviationai* ai evolves in
time, we make repeated use of the Baker-Hausd
formula14 in the formelbel* b* 5e(lb1l* b* )2ll* /2. Thus we
write Eq. ~16! in the form

ut&5expF(
k

rke
ivktbk* GexpF(

k
rk* e2 ivktbkG uvac&

5expF(
k

~rke
ivktbk* 1rk* e2 ivktbk!G

3expF(
k

~1/2!rk* rkG uvac&. ~17!

Then, aside from a numerical factor, we get, writingbi

5(1/AN) (kbke
2 ik•r,
o-

at

a

he

e
e

ff

^tubi* bi ut&5
1

N (
k,k8

^tubk8
* bkut&ei ~k2k8!•r i

5
1

N (
k,k8

rk8
* rke

i @~vk2vk8!t1~k2k8!•r i #

52sUJc

N (
k

pke
i @vkt1k•r i #

vk
U2

~18!

and a very similar result for the spin deviationsai* ai them-
selves. For large times, and a quadratic spin-wave spect
this expression eventually decays like 1/t, so there is no
characteristic time associated with the decay. To see whe
macroscopictimes are involved, one needs to find the qu
siscalet0 in the expression (t0 /t), which must be estimated
from Eq. ~18!. We have

1

N (
k

pk

vk
ei @vkt1k•r i #

⇒ V

N E
V

d3k

vk
(
u,d

~Su
1e2 iku1Sd

2e2 ikd!ei @vkt1k•r i #,

whereV is the volume of the AF sample. For simplicity, w
choser i50, and setvk5v01Jafl

2k2. Integration over the
angle betweenk andu, etc., gives

4pV

N E k2dk

vk
(
u,d

„Su
1J0~ku!1Sd

2J0~kd!…eivkt.

SettingAtJafl k5k gives

4peiv0t

~Jaf!
3/2t1/2 E

0

` eik2
k2dk

v0t1k2 (
u,d

FSu
1J0S ku

l AJatt
D

1Sd
2J0S kd

l AJaft
D G ~19!

since V/N5l 3. For large t, the Bessel functions tend t
unity. The remaining integral15 has the form

12 i

2
Ap

2
1Av0t

3terms oscillating rapidly~at frequencyv0!. ~20!

Thus the total response consists of a term decaying liket21/2

plus a nondecaying but rapidly oscillating term. That te
does not decay, because we have not included spin w
damping. On the other hand, the secular term is not m
affected by the damping. The reason is that in the ideali
model considered here, the damping must vary ase2gl 2k2t,
where g is a constant, because the total spin almost co
mutes with the Hamiltonian, except for the anisotropy ter
therefore the zero wave-number component cannot de
rapidly. Inversion symmetry then makes the decrement p
portional tok2, plus possibly higher powers ofk. Now the
secular term in Eq.~20! comes from the first term in the
decomposition

k2

v0t1k2 512
v0t

v0t1k2 ,
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while the oscillating part comes from the second term. Wh
the damping is included, that first term gives rise to the
tegral

E
0

`

e~ i 2g/Jaf!k
2
dk,

whereg is a damping constant. Since the ratiog/Jaf must be
quite small, if the spin waves are to be viable modes, th
effect of the damping on the secular term in Eq.~20! must be
very small. Finally, we need to find the quasiscale of
secular decay, i.e., we must find the value oft0 in the ex-
pression (t0 /t)1/2. The secular part of the integral in Eq
~19!, in the limit of large times, is

2pAp~12 i !

JafA2Jaft
S (

u
Su

11(
d

Sd
2D

5
2pAp~12 i !

JafA2Jaft

Nsurf

2
~Su

11Sd
2!, ~21!

whereNsurf is the total number of surface sites. Using th
result in the last line of Eq.~18! gives the final result:

4p3NsurfJc
2

Jaf
2 ~Jaft !

^Su
1Su

2&.

~Note that theJ’s are expressed as frequencies.! To summa-
rize, the secular decay goes like (t0 /t), where

t05
8p3Nsurf

Jaf
S Jc

Jaf
D 2

„S~S11!2~Sz!21Sz
…. ~22!

This is a macroscopic time, becauseJaf'80 °K'1012 Hz.
Also, Nsurf might be in the range of 1015 for a 1 cm2 sample.
So if the coupling and AFJ’s are of the same order, the tim
scale becomes quite long.

V. CONCLUSIONS

The aim of this paper has been to demonstrate the im
tance of changes in the interface properties of widely disp
ate magnetic systems brought about by emission and r
sorption of virtual excitations. One consequence is
unidirectional shift in the hysteresis loop of a thin ferroma
netic layer in contact with an antiferromagnetic one. T
same process also gives a change in anisotropy energy
therefore in the coercive force, of the ferromagnetic layer~in
the case of spins greater than one-half!, but this change is no
examined in detail in this paper. The calculated shift is in f
agreement with observed loop shifts reported in curren
available experimental data. A detailed calculation for a d
ferent spin arrangement has recently been performed.16 A
crucial test of the validity of the theory is proposed: the lo
shift should reverse upon reversal of the alignment of
ferromagnetic layer. The reversal process proceeds
(time)21, and behaves like an extrinsic quantity in that it
sample size dependent.
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APPENDIX A: FORMAL DERIVATION OF THE RESULT
OF SEC. III

Treating the F spins classically to begin with, and
quantum objects at the end, requires justification. LetP be
the projection operator of the ground state of the Ham
tonian in the absence of coupling, andQ the projection op-
erator of the manifold of its excited states. The total Ham
tonian isH01H1 , whereH1 denotes the off-diagonal part o
the F-AF coupling energy, andH0 the remainder. Then
PH1P50, QH1PÞ0, QH0P50, etc. Schro¨dinger’s equa-
tion

H~P1Q!u &5E~P1Q!u &

can be written as two equations

~PH0P1PH1Q!u &5EPu &

~QH0Q1QH1P!u &5EQu &. ~A1!

From the second of these it follows that

Qu &5
1

E2QH0
QH1Pu &.

Substituting this in the first equation of Eq.~A1! gives an
equation for the ground state alone:

S H01H1

1

E2QH0
H1D Pu &5EPu &.

Evidently, becauseH1 connects only to excited states, theQ
in the denominator may be dropped. Unless the couplin
very strong, we may substitute the uncoupled ground-s
energy, which we chose to beE50, into the denominator on
the left-hand side. Thus we may write

S H02H1

1

H0
H1D Pu &5EPu &. ~A2!

Finally we write the ground state as the product of grou
states of the ferromagnetic and antiferromagnetic syste
respectively:

Pu &5 uF&3uAF&,

and then, to within the lowest Holstein-Primakoff approx
mation, Eq.~A2! becomes

S H0F2(
k

^AFuH1u1k&
1

vk1H0F
^1kuH1uAF& D uF&5EuF&,

~A3!
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where the sum extends over all statesu1k& with one AF spin
wave excited, andH0F pertains to the unperturbed Hami
tonian on the ferromagnetic site. The matrix elements in
~A3! are still linear functions of the F spin operators. We c
rewrite the sum in Eq.~A3! in the form

(
k

F ^AFuH1u1k&^1kuH1uAF&
1

vk1H0F
1^AFuH1u1k&

3S 1

vk1H0F
,^1kuH1uAF& D G . ~A4!

When this acts onuF&, the denominator in the first term i
simply 1/vk , since we assume the ground-state energy to
zero. To examine the second term, the commutator, ass
for simplicity, that the F spins have value one-half. Then
an
n
r-
m

u
e
,

.
n

e
e,

1

vk1H0F
5a1a1( a~ i , j !Si•Sj

1( a~ i , j ,k!Si•@Sj3Sk#1•••,

in which the coefficients all have denominators with F ex
tation energies. The commutator is a similar sum~except that
it has no constant term!. Since the ferromagnetic array i
assumed to be very stiff, the denominators are large, so
the second term in Eq.~A4! can be neglected compared wi
the first term, except possibly for contributions from ve
low-lying spin-wave excitations of the ferromagnet. The
are probably excluded because of the large demagneti
forces accompanying excitations of the F spins in a fi
geometry. The first term in Eq.~A4!, written out in full, has
precisely the form of Eq.~12! derived in the main text.
write
APPENDIX B: DISTORTION OF THE AF SPIN CONFIGURATION

The spin configuration in the new ground state of the antiferromagnetic side is found as follows. For brevity
coshuk⇒coshk , sinhuk⇒sinhk . We have, for an AF up spin in this state,
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e2 ik•~r i2u!(
k

sinhkcoshk
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e1 ik•~r i1u!D J ~B1!
on

ro-

AF
ro-
r

n
ta-

rent

r-
plus a similar sum over down spins, obtained from Eq.~B1!
by interchanging sinhk and coshk , and replacingu by 2d.
Here, s8 is the expectation value of thez component of a
spin in the zero-point corrected ground state of the bulk
tiferromagnet. We estimate the behavior of these sums o
very roughly, by considering a typical sum, with all hype
bolic functions replaced by unity. A typical term of the su
over ‘‘u’’ sites then has the form

^si
z&5s22s@S~S11!1~Sz!22Sz#UJ0

N (
d,k

eik•~u2r i !/vkU2

.

~B2!

For a quadratic spin-wave spectrum the sum overk in Eq. ~8!
is proportional toe2kud2r i u/uu2r i u, wherek is proportional
to the gap in the spin-wave spectrum. The remaining s
over the surface sitesd, for a very large interface, of cours
depends only on the distancez into the AF layer. That sum
for a simple square lattice, is
-
ly

m

(
m,n

e2kA~m21n2!l 21z2
/A~m21n2!l 21z2,

wherel is the lattice spacing. In a continuum approximati
to the surface this sum evaluates to'e2kz. A similar result
applies to down-AF spins, except that there is an extra ze
point correction due to the reverse order of thea operators in
the definition ofsz .

On the other hand, the transverse components of the
spins average to zero in spite of the coupling to the fer
magnetic layer~which means that canting does not occu!.
The expectation value ofs1, for example, is proportional to
the shift in ana or a* operator. But the shift depends o
^S1& or ^S2& in the ferromagnetic states, and these expec
tion values are zero. Thus the F layer induces incohe
precessions in the AF spins within 1/k of the surface. These
precessions change thez components, but produce no ave
age transverse components.
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